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An experimental scheme is proposed to test Bell's inequality by using superconducting nanocir- 
cuits. In this scheme, quantum entanglement of a pair of charge qubits separated by a sufficiently 
long distance may be created by cavity quantum electrodynamic techniques; the population of qubits 
is experimentally measurable by dc currents through the probe junctions, and one measured outcome 
may be recorded for every experiment. Therefore, both locality and detection efficiency loopholes 
should be closed in the same experiment. We also propose a useful method to measure the amount 
of entanglement based on the concurrence between Josephson qubits. The measurable variables 
for Bell's inequality as well as the entanglement are expressed in terms of a useful phase-space Q 
function. 

PACS numbers: 03.65.Ud, 85.25.Cp, 85.35.-p 



I. INTRODUCTION 

Recently, with the development of experimental tech- 
niques and the growing interest in quantum information, 
more and more attention has been devoted to experimen- 
tally testing the violation of Bell's inequality Q , as well as 
measuring the amount of entanglement of entangled par- 
ticles. Entanglement of particles, an idea introduced in 
physics by the famous Einstein-Podolsky-Rosen (EPR) 
gedanken experiment is one of the most strikingly 
nonclassical features of quantum theory. In quantum me- 
chanics, particles are called entangled if their states can 
not be factored into single-particle states. This insepara- 
bility leads to a stronger correlation between entangled 
quantum systems than classical ones. Since Bell's pio- 
neering work|lJ that EPR's implication to explain the 
I correlations using hidden parameters would contradict 
the predictions of quantum physics, a number of ex- 
perimental tests have been performed d 0, IE IE S 0- 
Many of these experiments |E IM 1^ [Tj have been done 
by using photons to prepare EPR pairs. Very recently, 
trapped atoms were also used in the experiment |E| for 
testing Bell's inequality to raise the efficiency when read- 
ing out the state. The violation of Bell's inequality may 
be considered as a manifestation of the irreconcilability 
of quantum mechanics and "local realism" , and all recent 
experiments have agreed with the predictions of quantum 
mechanics. 

Nevertheless, two important experimental loopholes 
mean that the evidence reported in the previous experi- 
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ments was inclusive |9l I lOj. The first of these loopholes is 
the so-called locality loophole: whenever measurements 
are performed on two spatially separated particles, any 
possibility of signals propagating with a speed equal to or 
less than the velocity of light between the two parts of the 
apparatus must be excluded. This loophole was closed in 
the experiments reported in Refs.0,|3l- The second one is 
referred to as the detection-efficiency loophole, which ar- 
gues that in most optical experiments, only a very small 
fraction of the particles generated are actually detected. 
So it is possible that for each measurement, the statistical 
sample provided by the detector is biased. Since improv- 
ing the detection efficiency in experiments with pairs of 
entangled photons is found to be more difficult than ex- 
pected, closing this loophole experimentally is achieved 
by using two massive entangled trapped ionsQ, where 
the states are easier to be detected than those of pho- 
tons. But the experiment does not close the locality 
loophole. To close both loopholes in the same experiment 
remains to be a big challenge at present [lol|. 

In this paper, we propose a scheme to test Bell's 
inequality in the Clauser, Horne, Shimony and Holt 
(CHSH) 11] type and to measure the entanglement in 
superconducting nanocircuits. At first glance, the possi- 
bility of testing Bell's inequality in this system may seem 
to be a trivial generalization of the corresponding tests 
by using photonsjE 0, IE IE or trapped ions0|. How- 
ever, we show that the experiment proposed here has its 
own advantages. First, it is possible that both loopholes 
mentioned above may be closed in the same experiment. 
Thus, the loophole-free experiment proposed here may 
lead to a full logically consistent rejection of any local re- 
alistic hypothesis Recently, very promising develop- 
ment was reported for Josephson-junction qubits under 
control_12, _1^, JA^ The charge state in a supercon- 
ducting box may be considered as a qubit system. We 
first address how to prepare a pair of entangled charge 
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qubits in a sufficiently long distance [ffll, which fully en- 
forces the requirement for strict relativistic separation be- 
tween measurements. Contrary to the experiments using 
photons, where many photon pairs are missed, the charge 
states in the superconducting boxes may be detected in 
every measurement, thus the data in Bell's experiments 
are obtained using the outcome of every experiment, 
thereby no fair-sampling hypothesis is required. Con- 
sequently, both the locahty loophole and the efRciency 
loophole should be closed in the same experiment pro- 
posed here. Second, quantum mechanics violates Bell's 
inequality for a state of A^-qubit system by an amount 
that grows exponentially with A^[l3. The nature of be- 
ing solid-state based makes Josephson junction system 
large-scalable, that is, the Greenberger-Horne-Zeilinger 
(GHZ) state [the maximally entangled states of N (> 2) 
particles ] jl8l | may be achieved, in principle, in super- 
conducting nanocircuits. However, due to experimental 
techniques, it is very hard to obtain many-particle en- 
tangled states in realistic experiments with photons or 
trapped atoms. Last, but not the least, the Josephson 
junction system proposed here is a mesoscopic system. 
Comparing with the systems consisting of a small number 
of microscopic particles, such as photons or trapped ions, 
where quantum entanglement is generally believed to ex- 
ist, the superconducting box considered here involves a 
huge number of Cooper pairs. To test the nonlocality 
of a system containing a large number of particles is at- 
tractive for research on the border between classical and 
quantum physics. Furthermore, since the CHSH type of 
Bell's inequality is not very efficient for demonstrating 
nonlocality and all entangled states would violate a kind 
of Bell's inequality detection of the amount of entan- 
glement is also proposed here. 

This paper is organized as follows. In Sec. H, we 
demonstrate that the three basic ingredients required by 
Bell's experiment are experimentally feasible in Joseph- 
son charge qubit systems. In Sec. HI, an experimental 
scheme for testing the Bell's inequality is proposed. In 
Sec. IV, measuring the entanglement based on concur- 
rence in the Josephson junction systems is studied. The 
paper ends with a brief summary. 



II. ENTANGLED STATES IN JOSEPHSON 
JUNCTIONS 

A Bell's experiment suggested by CHSH consists 
of three basic ingredients jS]- The first one is the prepara- 
tion of a pair of entangled particles in a repeatable way, 
with the two particles being separated with a sufRciently 
long distance. Second, each particle can be manipulated 
by any rotation operations (single-qubit gates). Finally, 
a classical property with two possible outcomes may be 
detected for each particle. We now show that all these 
three ingredients are feasible in superconducting nanocir- 
cuits. 
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FIG. 1: Josephson qubits system, (a) A single Josephson 
qubit (Ref.[12]). A superconducting island is coupled by two 
Josephson junctions (each with capacitance Cj and Josephson 
coupling energy Ej) to a superconducting lead, and through 
a gate capacitor to a vortli'Jfe''M&1i!'ce T4. This dc-SQUID is 
tuned by external flux which is controlled by the cur- 
rent through the inductor loop (dashed line), (b) A se- 
ries of Josephson qubits coupled by the LC-oscillator mode 
(Ref.[12]). (c) Schematic picture of quantum transmission 
between two Josephson junction charge qubits in cavities con- 
nected by a quantum channel. 



The charge qubits in Josephson junctions. The systems 
we considered are shown in Fig. 1. A single Josephson- 
jimction qubit consists of a superconducting electron box 
formed by a symmetric superconducting quantum inter- 
ference device (SQUID) with Josephson couplings Ej, 
pierced by a magnetic flux (f)^: and subject to an applied 
gate voltage Vx — 2enx/Cx [2enx is the offset charge, see 
Fig. I (a)]. In the charging regime [where Ej <C Ech with 
Ech = e^/2(Ca; + 2Ej) being the single-electron charging 
energy] and at low temperatures, the system behaves as 
an artificial spin-1/2 particle in a mag netic field, and the 
Hamiltonian may be expressed as 



H 



-Ejdx - £^c/i(l - 2nx)az, 



(1) 



where Ej — 2Ej cos{Tr(l)x / 4>o) with (/)q = nh/e is a tun- 
able effective Josephson coupling parameter, whose value 
can be controlled by external flux (p^. <7x,z are the Pauli 
matrices. In Eq.(^|, we have chosen that charge states 
n = and n — 1 (here n is the number of excess Cooper- 
pair charges on the box) correspond to spin basis states 

I 1) = ^ Q ^ and I I) = ^ ]' ^ ' respectively. A series 

of N such qubits may be coupled through an inductor L 
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[see Fig. 1(b)]. An effective interaction is given bvp^ 



Hi: 



(2) 



where El = [<PI/{tt^L)]{1 + 2CyC^)^ and ct^^^ is the y- 
component of Pauh matrices of the jth qubit. Then the 
total Hamiltonian of the system is equivalent to 



coupled to their respective cavity modes with the same 
frequency v, as shown in Fig. 1(c). The Hamiltonian de- 
scribing the interaction of the qubit with the cavity mode 
is [3 

H^ = hu{a]a, + i) + E,h{2ni^'> - \)o] 

-Ji?j(0,)(e-^[^('^+'^')W+ +i/.c) (j - 1,2), (7) 



1=1 



Y^J^^)afa^^ (3) 



where _B. 



-EMi') 



B 



-2Ech{l - 2n^^^), and 
jiv) ^ -EfE^p /El- It is worth pointing out that aU 
parameters in Eq. Q are experimentally controllable by 

external classical variables (jrx and rix ■ Thereby, any 
entangled state as well as single qubit gates required in 
Bell's experiment is feasible. 

TTie preparation of a pair of entangled qubits. For 
simplicity, but without loss of generality, we consider 
the two-qubit case. By taking si'' = 0, B = -E';P /2 
for each single Josephson qubit, and J = —Ej/El, the 
Hamiltonian may be rewritten as 



i/ = i?(aW+4^)) + JaWaf. 



(4) 



The exact solution may be obtained when parameters B 
and J are time-independent. Note that any entangled 
state may be generated even if the initial state is a prod- 
uct state. For example, in terms of computational basis 
{|00), |01), |10), |11)}, with the initial state being chosen 
as \ip{t = 0)) — |00), the state of the system at time t is 
found to be 



where al and a, are the creation and annihilation opera- 
tors, respectively, for cavity mode j, aj = (crj ± ia^)/2, 
and g is the coupling constant between the junctions and 
the cavity. Based on this kind of coupling and follow- 
ing the method described in Ref. we may transfer 
the quantum state in one qubit to another separated far 
away. Moreover, by using quantum repeaters |2lj. any 
long-distance entanglement may be realized, at least in 
principle. Therefore, a possible scenario to generate an 
entangled state of long-distant qubits required by nonlo- 
cally testing Bell's inequality is as follows: we may first 
create an initial entangled state [as Eq. lO] of two charge 
qubits in one node, and then transfer the state of one of 
the pair to another node by the cavity QED technique. 

A universal set of single-qubit gates is feasible in the 
systems. The coupling between charge qubits should be 
switched off by setting J = in single-qubit gates. Pa- 
rameters (px and Ux in Eq. iQJ are experimentally control- 
lable. By assuming (j)x = 4>o/2 and Ux time- independent, 
the evolution operator is derived as 



(7,(0.) =exp(-z0,a,/2) 



(8) 



with 0z ~ 2Ech{l — 2nx)t/h. Similarly, by assuming Hx — 
1/2 and (px time-independent, we have 



\m) 
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sin(Q;t) 

a — J 



4a 



iat I OL + J ^iat 



(5) 



where a = y/AB^+J^. Besides, when t — mr/a, J — 
(m -|- l/2)a/n (m, n are both integers and n 7^ 0), we 
have 



\m) = 



■100) 



(-l)" + z(-l)' 



111) 



(6) 

This is the maximally entangled state for a pair of qubits 
[as the concurrence of this state defined in Eq. H17() below 
is 1], and thus, four Bell's states may be derived from it 
by simply rotating one of the qubits. In the following 
discussions we assume \ip) in Eq. Q as our starting 
point for the test. 

The entanglement between two distant Josephson 
junction qubits may be created by the cavity quantum 
electrodynamic (QED) techniques. A simple configura- 
tion of quantum transmission between two nodes consists 
of two Josephson charge qubits 1 and 2 which are strongly 



Ux{0x) = C-Kp{-i0x(7x/2) 



(9) 



with 9x = 2Ej{(l>x)t/h. The gates described by Eqs.lP) 
and are a well-known universal set of single-qubit 
gates: any unitary rotation can be decomposed into a 
product of successive gates in this set. The gates de- 
scribed by Eqs.® and ((SJ may be referred to as dynamic 
gates . It is worth pointing out that a universal set of 
quantum gates in this system may also be realized by 
using pure geometric phasesfTsj. 

The detection method. The population of qubits in 
states |0) or |1) may be experimentally measured by the 
dc currents through the probe i unctions [isj. Putting a 
probe junction in each qubit, as described in Ref.|l3j. 
the measurable dc currents through the probe junction 
are generated by the following process: |1) emits two 
electrons to the probe, while |0) does nothing. Conse- 
quently, a classical property with two possible outcomes 
as required by Bell's experiments, may be detected. The 
advantage of the above detection technique lies in that 
a measured outcome may be recorded for every experi- 
ment, thereby closing the detection loophole in the same 
experiment. 
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All in all, the three basic ingredients required by CHSH 
type Bell's experiment are, in principle, feasible in super- 
conducting nanocircuits presented here. 



III. TESTING BELL'S INEQUALITY 

The detection method addressed above provides a con- 
venient way to experimentally measure the population of 
the Josephson qubit in state |0) or |1), and hence is suf- 
ficient for testing the Bell inequalitv|23|. We show here 
that the CHSH combination[llj can be presented by a 
useful phase-space distribution function Q for the qubits, 
which can be calculated through the probabilities of find- 
ing certain qubits in state |0) or |1). Assuming that two 
distant qubits described by Eq. ||SJ) have been created, 
and each qubit can be manipulated by unitary operators 
Ux,z in Eqs.® and ©, a new state given by 

|V'(ni,n2)) =g+(ni)g2+(n2)|^) (10) 

is derived by rotating separately each qubit in 
describe by Eq. Evolution operator 

5j(nj) = Uz{4'j)Ux{0j) with a unit vector Uj — 
{sm9j cos(j)j,sm6j sin(j)j^cos9j) and j (= 1,2) denoting 
qubit j. When measuring state |'0(ni,n2)), the proba- 
bility to find the jth qubit in state |0) is 

Q,(n,) = (0,|rr.^,{|V(ni,n2))(^(ni,n2)|}|0,), (11) 

and the probability to find both qubits in state |0) is 

Qi2(ni,n2) = |(0i|(02|V'(ni,n2))|^ (12) 

On the other hand, we may write 

|nj> = 9j{nj)\0j) 

= cos((?,/2)e-^^^/2|0,) - zsin(0,/2)e^*^/2|l,), 

which can be understood as the qubit state in the phase 
space. Then we find that Ea. Hll() can be rewritten as 

Qj{nj) ^ (nj\pj\nj), (13) 

which is just the Q function for the jth qubit, where 
Pj = Tri^j{\'ip){ip\} denotes the reduced density matrix 
of the jth qubit. Equation (|12|) can also be rewritten as 

Qi2(ni,n2)-|(ni|(n2|V)|', (14) 

which is just the joint Q function for the system of two 
qubits. Thus the CHSH combination is given by [23Ll2^ 

r = Qi2(0, 0) -I- Qi2(n, 0) + Qi2(0, n') - Qi2(n, n') 
-gi(0)-g2(0), (15) 

which must satisfy inequality — 1 < F < for local theo- 
ries. 




FIG. 2: Dimen^on^ss |^funjti(pn of t (l/ce) and 9 when 
B = J — 1 and'^"= (j)' = 0. ^'^e ?wo plates cut F at and 
— 1, respectively. 



We now consider a two-qubit system. Substituting the 
state described by Eq.Q into Eq. ((T5|l . we have 

J 

F = — sin** — h cos at cos Jt sin at sin Jt 

2 a 

+ -(cos at sin Jt + — sin at cos Jt) sin^ 6 sin(0i -f ^2) 
4 a 

13'^ 2 / 4^2 

^ sin at(2 — 4sin - -|- sin cos (pi cos (/)2) 

a-^ 2 

13 6 
H — sin at sin 9 siv? — [sin Jt (sin cf)i + sin cf)2) 
a 2 

+ cosat(cos 01 -f cos (/)2)]. (16) 

For simplicity, but without loss of generality, we here 
have chosen 9i = 92 = 9 for |ni) and |n2) in the calcula- 
tion. In Fig. 2, we plot F as a function of t and 9 when 
£? = ,/ = 1 and 01 = 02 = 0. It is seen clearly that 
the violation of Bell's inequality for both F < — 1 and 
F > may appear in this system. In fact, with other 
choices for parameters B, J, 0i, and 02, function F will 
still have a similar shape and the violation can easily be 
found. Therefore, the system presented here may be a 
promising candidate for testing Bell's inequality. 



IV. MEASURING THE ENTANGLEMENT OF 
FORMATION 

On the other hand, it is well-known that Bell's inequal- 
ity is not very efficient for demonstrating nonlocality, and 
a better parameter to characterize nonlocality should be 
the amount of entanglement. Thus it is also highly desir- 
able to develop a feasible method to measure the latter. 
We now show that the entanglement based on concur- 
rence can also be represented by the phase-space Q func- 
tion and thus can be experimentally detected. 
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If we write a state in the form as 

IV-) = aolOO) + ailOl) + aallO) + aalU), 
then concurrence C of state \ib) is defined as [23 



Thus the concurrence as well as the amount of entan- 
glement can be deduced by detecting the probabilities of 
qubits in state |0). 



(g)cry|V'*)P = 4|aoa3 - aiaap, (17) 



and the amount of entanglement can be expressed as 



ri I '-'§2 I o 



Substituting Eq. (|SJ) into Eq. (|17|l . the concurrence of 
the state in Eq. (|SJl is derived as 

t4 72 

C2(|i/>)) = _sin4(at) + ^[sin2(2at) - 8 sin2(ai) sin2( Ji)] 




+ — sin(2ai) sin(2Jt) + sin2(Jt). 
2a 

Let Pqj -Pi, -P2 and P3 denote the four probabilities 
associated with outcomes (|00), |01), |10), and |11)) when 

measuring Oz ® I and I ® az, and P++, Pa , P h, aiid 

P__ denote the four corresponding probabilities when 
measuring Uz®! and I^a^. The concurrence in Ea. H17|) 
is found to sa tisfyli^ 



= 4[PiP2 + P0P3 - 2v/Po-PiP2P3COs(a + /?)], (20) 

with 

2P++ - Po - Pi 



cos a 



cos j3 



2P_+ + Po + Pi 



1 



The concurrence of a pure two-qubit state may be mea- 
sured by detection of the Q function defined in Eas. (|ll|l 
and H12|l since all variables in Eq. (|20|) are determined 
by them. By choosing 



Ha 

nb 

He 

which correspond to 

ff+(na) 
5+(n6) 
5+(nc) 



(0,0,-1), 
(0,1,0), 
(0,-1,0), 



gi7r(Ti:/4gi7rcrj/4 



T(T^ /4 



we find that the probabilities appeared in Ea. H20|l are 
related to the Q function by 

^^0 = ^12(0,0), Pi = Qi2(0,n,), 

^2 = Ql2(na,0), P3 = (3i2(na,na), 

^++ = Qi2(0,nb), P+_ =Qi2(0,n,), 
P-+ = Qi2(na, Hb), P — = (5i2(nQ, ric). 



(19) 



FIG. 3: Dime 
The parameters 



irs'S'e the sarrie as uiose in Fig. 2. 



A theoretical result for the amount of entanglement 
calculated from Ea. ((T^ is plotted in Fig. 3. We can see 
that E{\il))) does not dependent on 9. This illustrates 
that unlike the violation of the Bell's inequality, the en- 
tanglement will not be affected by local transformations. 
Therefore, the amount of entanglement for the states 
given by Eqs.|0) and (fTn|l are the same. This also im- 
plies that in the sense of characterization of the nonlocal 
properties, the amount of entanglement defined by Eq. 
p8|l is better than the CHSH combination described by 
Eq. H15|l . Thus it is desirable to work out a feasible 
method to measure the amount of entanglement. 



V. CONCLUSIONS 

In conclusion, we proposed a scheme to test Bell's in- 
equality and to measure the entanglement of two charge 
qubits in superconducting nanocircuits. We demon- 
strated that the parameters for these experiments are 
determined from the Q functions in phase space, which 
can be measured by the dc currents through the probe 
junctions. The outcome for every experiment may be 
recorded, and thus the issue of detection efficiency is 
replaced by detecting accuracy 0- By using the cavity 
QED technique, the entangled state of two charge qubits 
separated far away may be created. Consequently, it is 
quite possible that both of the locality loophole and the 
efficiency loophole can be closed in the same experiment 
proposed here. 

Finally, we wish to make a few remarks on the difficul- 
ties of experimental implementation of the scheme. (1) 
Designing the cavity QED to couple the charge qubits is 
necessary. The entanglement between two charge qubits 
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was demonstrated in a recent experiment jl4|, and a few 
quantum phenomena, such as stimulated emission and 
amphfication in Josephson junction arrays within the 
same high-Q oscihators, were also reported 2.7]. How- 
ever, it is still awaited to make the entangled state be- 
tween the charge qubit and the single cavity mode. (2) 
The distance between two cavities is enforced by the 
strict relativistic separation. Since the measurement 
time is 64ns in the experiment reported in Ref.|l3l or 
may, in principle, be even shorter with one order of the 
magnitude 12], it is estimated that the two cavities would 
have to be physically separated by 2 ~ 20m, which can 
be realized with current technology if the cavities are 
connected by a (microwave) transmission fibre0, 12(1 ]: 
the transmission of entangled state with the distance 
of a few kilometers was already realized in quantum 
telepotation[2^. However, it is still very subtle and chal- 



lenging to couple the (microwave) fibre to the cavity QED 
experimentally. 
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